Average distances in undirected graphs and the removal of vertices  by Althöfer, Ingo
JOURNAL OF COMBINATORIAL THEORY, Series B 48, 140-142 (1990) 
Note 
Average Distances in Undirected Graphs 
and the Removal of Vertices 
INGO ALTH~FER 
Fakultiit ftir Mathematik, Universitiit Bielefeld, 
Postfach 8640, 4800 Bielefeld 1, Federal Republic of Germany 
Communicated by the Managing Editors 
Received December 5, 1986; revised July 21, 1988 
In 1985 P. M. Winkler (Emory) conjectured that every connected graph G 
contains a vertex k, such that the removal of k and all incident edges enlarges the 
average distance between vertices of G by at most the factor :. We show that every 
l-connected graph has a vertex whose removal increases the average distance in the 
graph by no more than a factor of l/(1 - 1). This proves Winkler’s conjecture for 
4-connected graphs. 0 1990 Academic Press, Inc. 
Let G = ( V, E) be an undirected graph with set of vertices V= { 1, . . . . n >. 
For every pair (i, j) E V2, dG( i, j) = d,(j, i) denotes the length of a shorted 
connecting path between i and j in G. For k E V, G - k denotes the graph, 
which results from G by removing k and all incident edges. We define 
h c, dc( i, j), if G is connected 
d(G) = 2 l<I<J<,Z 
otherwise. 
In [2] P. M. Winkler (Emory) formulated the following conjecture: “Every 
connected graph G = ( V, E) satisfies: 
yEi; d(G -k) d f d(G).” 
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For the circles C, of length n we have 
wn-w ~ 4 
n5!3 d(C,) 3’ 
Theorem 1 provides a result depending on the connectivity number IC of G. 
For IC = 4 it implies Winkler’s conjecture. 
THEOREM 1. Let G = (V, E) be an l-connected graph, 12 2. Then there 
exists a k E V, such that 
d(G-k)< j+ d(G). 
ProoJ The proof is based on the well-known Theorem of Menger 
[ 1, p. 1671 and works by counting. 
Let G be Z-connected, (i, j) E V2. By the Theorem of Menger there exist 
1 vertex-disjoint paths P,, . . . . PI between i and j. Every path P,, 1 < m < 1, 
has length L( P,) > d,( i, j) and therefore contains at least [do(i, j) - l] 
inner nodes. By omitting one vertex k E V from G, at most one of the paths 
P 1, *-*, P, becomes destroyed. But for every m E { 1, . . . . I} we have 
min L(P,) < ~-2-CLR)-11+1 
l,ct-<l l-l 
r#m 
<n-2- W&A- II+ I 
l-l (1) 
For every pair (i, j) E V2 fix one explicit path P, of length d&i, j) between 
i and j in G. Then 
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By (1) the last expression is not greater than 
=-- n - 2 - (d&j) - 1 )I &kA 
(n - 2) 44, j) - Cd&j) - 114&J) 
&(kj)+&(kj)-1) 1 
1 
=--& C.[(n-2)~d~(i,~)-Cd,(i,i)-l12 
0 
t<J 
1 
2 
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